Abstract. The main purpose of the present paper is to prove approximation and commutator properties for projections mapping periodic Sobolev spaces onto shift-invariant spaces generated by a nite number of compactly supported functions. With these prerequisites at hand and using certain localization techniques, we then characterize the stability of generalized Galerkin-Petrov schemes for solving periodic pseudodi erential equations in terms of elliptic type estimates of the numerical symbol. Moreover, we establish optimal convergence rates for the approximate solutions with respect to the Sobolev norms.
Introduction
It is well known that one of the central problems of the numerical analysis for pseudodi erential equations is to nd conditions ensuring the stability of the numerical scheme in consideration. One possible approach to stability analysis for variable symbols is a reduction to the case of constant symbols by means of certain localization techniques which could be viewed as a numerical counterpart to the well known principle of freezing coefcients in the theory of partial di erential equations. The main ingredients for applying such techniques are certain superapproximation results for the projections de ning the numerical schemes. Of course, the basic idea of localizing techniques has a long history in theory as well as in the numerical analysis of partial di erential equations. The rst papers addressing this particular aspect seem to be Si1], Si2] , where classical Galerkin schemes with trigonometric trial functions for singular integral equations are investigated. The analysis of piecewise linear spline collocation for Cauchy singular integral equations in PS] already involved implicitly certain discrete commutator properties and localization arguments as well which also played then a crucial role in various subsequent papers treating one-and multidimensional problems (see e.g. AW2] NS1] ). An explicit abstract formulation of these principles was given in P1], P]. For an overview of the various univariate results see also PSi] . The main purpose of the present paper is to prove approximation and commutator properties for projections mapping periodic Sobolev spaces onto shift-invariant spaces generated by a nite number of compactly supported functions. (Note that such spaces are frequently used as trial spaces in numerical procedures for engineering applications, see MP].) To our knowledge, these results (see Theorems 2.1 through 2.4) are new in the present form and generality and should be of some independent interest. In particular, they cover all results in the univariate case and for uniform grids known in the literature (e.g. for spline or classical wavelet spaces). With these prerequisites at hand we characterize in the last section the stability of generalized Galerkin-Petrov schemes de ned by the aforementioned projections in terms of elliptic type estimates of the numerical symbol. Further, we establish optimal convergence rates for the approximate solutions with respect to the Sobolev norms. Note that our results can be extended to the corresponding spaces of functions de ned on R n or T n , respectively. Moreover, the estimates obtained in the present paper are important in the case of function spaces over subdomains of R n , since the crucial ingredients of our analysis are local in nature.
Notations and the main approximation results
Let us denote by k k t the norm of the periodic Sobolev space H t (T) In contrast to DPS], to prove Theorem 2.1 we do not need any re nability of the generators, i.e. the spaces S m ( ) are not required to be nested. Next, we give a generalization under the additional assumptions that the projections are orthogonal in H 0 (T) and the spaces S m ( ) are nested, i.e. in the case when is re nable. 
The proofs of Theorems 2.1, 2.2 and 2.4 are deferred until the next section. The interpolation property of Sobolev spaces allows to reduce the proofs of (CP I) and (CP II) from di erent orders of Sobolev spaces to the order s = 0.
Proposition 2.6 Let (R m ) m2N 0 be a family of projections and let 0 a b c be real numbers such that for any 0 s < b; a t c with s t (9) the approximation property (AP) and for 0 s t < b the inverse property (IP) are satis ed. Then we infer from (CP I) (resp. (CP II) ) for s = 0 and a t c that (CP I) (resp. (CP II) ) is valid for any s and t restricted by (9).
Proof. Let (CP I) be satis ed with s = 0 and a t c. 
by the approximation property. In the case s = t, we conclude (10) Remark 2.9 Let (R m ) m2N 0 be a family of projections satisfying (CP I) and (CP II). Let L : H t (T) ! H t?r (T) be a bounded operator with r 2 R given. Using the identity Proof. Without loss of generality, we may assume that m is su ciently large such that j m k j < (25) and (26) (17) and (18) If t 0 the assertion follows from (CP I) for s = 0. Otherwise we apply (CP I) with t := 0 and employ the inverse property.
Step 2 where we have applied (AP) to the rst factor and Theorem 2.4, i) to the second factor on the right hand side of the second inequality.
Applications to pseudodi erential equations
In the present section, we establish some convergence and stability results for numerical methods to solving periodic pseudodi erential equations. First we introduce the class of pseudodi erential operators which will be studied throughout the remainder of this paper. For r 2 R we denote by S r (T) the class of symbols which consists of functions 2 C 1 (T Z) satisfying j@ x 1 (x; )j c ; (1 + j j) r? for all x 2 T; 2 Z; where 1 is the forward di erence operator with respect to with step size 1 de ned in Section 3 and ; are non-negative integers. The corresponding pseudodi erential operator with the symbol is given by It is well known that the symbol of a pseudodi erential operator is uniquely determined up to a function belonging to \ r2R S r (T) .
In what follows we restrict ourselves to the subclass (T) S r (T) of all symbols 2 S r (T) which admit a decomposition = 0 + 1 , where 1 2 S r 1 (T) with r 1 < r := Re , 2 C , and 0 2 C 1 (T Rnf0g) . The function 0 is required to be positively homogeneous of degree , i.e., 0 (x; ) = 0 (x; )
for > 0 and 6 = 0. Without loss of generality, we assume 0 (x; 0) = 1. We will denote by r (T) , and (T), the class of pseudodi erential operators ( DO's) which admit a decomposition L = (x; D) + K where 2 S r (T) , and (T) respectively, and K is a smoothing operator given by K u(x) = R u(y) k(x; y) dy with k 2 C 1 (T T 
where L 2 (T) and f 2 H s?r (T) are given. For the solution of (27) i) The method is local stable.
ii) The method is stable for the operator y (D) with symbol 0 (y; ) for all y 2 T. Combining now Theorem 4.8 and Theorem 2.6 of PSch] establishes the main result of this section. 
